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SUMMARY

A previousanalysisforfullydeveloped@rMd.entheattransferand
flowwithvariablefluidpropertiesisextendedandappliedtothe
entranceregionsof smoothtulesandparallelflatplates.Tntegral
heat-trausferandmomentumequationsareusedforcalculatingthethick-
nessesofthethermal”andflow3oundarylayers.Theeffectofvmiable
propertiesisdeterminedforthecaseofuniformheatflux,uniform
initialtemperaturedistributim,andfullydevelopedvelocitydistri-
bution● A numberofothercasesinwhichthefluidpropertiesarecon-
sideredconstantareanalyzed.ThepredictedI?usseltnumbersforair
witha uniformwal~temperatureanduniformtiitialtemperatureand
velocitydistributionsagreecloselywithexperimentallydetermtied
values.

IKTROIXKX210N

Flowandheattransferintheentranceregionsof channelshave
beensubjectsofconsiderableinterest.Thelamtnarflowcaaehas
beenanalyzedh references1 (pp.299-310),2,and3 (pp.451-464),
forinstance,md theturbulentcase,inreferences4 and5. Jnthese
analysesconstantfluidpropertieswereassumed,anduniformwall
temperaturewaspostulatedinthecasesinwhichheattransferwascon-
sidered.b theturbulentflowcasestheflowwasassumedtobe tur-
bulentatallpointsalongthepassage.

Theanalysisinreference4 isfora X’randtlnumberof1 md is
basedonanassumedl/7-powervelocityprofileandtheBlasiusresis-
tanceformula.Therelativechangesinheat-transfercoefficientalong
thetubepredictedinthatanalysisereapproxhatelycorrect,butthe
absolutevaluesoftheheat-transfercoefficientattheendofthe
entranceregionareabout20percenttoolow. Theanalysisgivenb
reference5 isapplicableto casesh whichtheheattransferredby
turbulencecanbeneglected,asmightoccuratverylowTrandtlnumbers.

.—.——— . —- ..— —.—— —..
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Theanalysisgivenherein,whichwasmade
tory,isan extensionoftheanalysisgivenin
developedheattransferandflowwithvariable

IWCATN3016

attheI?ACALewislaliora-
reference6 forfully
fluidpropertiesto

theentranceregionsofsmoothpassages.b .calcul.at-tig-thegrowthof
thethermalandflowloundarylayersintheentranceregion,Integral
equationsforheattransferandmomentumareused.Forobtainingthe
velocityandtemperaturedistributionsh theboundsrylayers,thesame
assumptionsaremadeforsolvingtheturbulenttransferequations
asweremadeh reference6.

Thefluwisassumedtobe turbulentat allpointsalongthe
passage,as h previousanalyses,sothattheanalysisshouldbe
applicablewhendisturbancesoccurringattheentrancearesufficient
to producea turbulentboundarylayer.AccordingtoPrandtl’sassmnp-
tion,whichistireasonableagreementwithexperiment,h thepresence
ofa laminarboundarylayerneartheentrance,theWbfient potiionof
theboundarylayerbehavesas thoughtheboundarylayerwereturbulent
allthewayfromtheentrance(ref.7,p. 74). Thepresentcalculations
maythereforebe applicabletotheturbulentportionoftheboundary
layerevenwhena laminarboundarylayerexistsneartheentrance.

Thecasesconsideredh thepresentanalysisare’giveninthe—
folluwingtable:

Phenmnenon

Heat
transfer
Heat
transfer

Heat
transfer

Heat
transfer
Heat
transfer

Heat
transfer

Heat
transfer
.Eriction
Friction

Wall
bound~~
conditim
tJnMorm
heatflm
Unifomn
heatflm

Uniform
walltem-
perate
uniform
heatflu
Dniform
heatflw

Imform
Walltem-
perature
M_form
meatflux
------ ---
------ ---

Initial
temperature
distributim
uniform

mifom

Unifon

Unifomn

Unff’orm

Uniform

TYd.foml

---------- -.
--------- ---

hit ial
velocity

distributia
Fully
developed
Fully
developed

Fully
developed

Uniform

Unifom

Uniform‘

Fully
developed
UQiform
Uuiform

.———-

Passage

Tube

Parallel
fla-t
plates
llibe

Mbe

Parallel
flat
plates
Tube

Tube

Tube
Perallel
flat
plates

Prandtl
number

0.73

.73

.73

.73

.73

.73

.01

----
----

—.—

Proper-
ties

1Variable
Veriable

constant

Constant

Constant

Constant

constant

constant .
constant
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Althoughmostofthecasestitheprecedingtableareforconstantfluid
properties,thegreaterportionofthereportis concernedwiththe
=irat twoases, in which

Forcalculatingheat

thepropertiesarevsriable.

fmALYsIs

transferandfrictionintheentranceregicm
ofducts,theusualboundarylayerassumptionsaremade;thatis,itis
assumedthattheeffectsofheattransferandfrictionareconfinedto
fluidlayersclosetothesurface(thermalandflowboundarylayers,
respectively). Thetemperatureandvelocitydistributionsoutsidethe
boundarylayersareassumeduniform,andthetotaltemperatureandtotal
pressureme constantalongthelengthoftheductfortheregionoutside
theloundarylayers.Moreexactanalyses(ref.2) tndioatethatthese
assumptionsarevalid,evenforl.-ar flow,excepth theregi~ at a
distancefromtheentrancewheretheboundarylayerfillsa largeportion
ofthetube.Forthatregion,however,thelYusseltnumbersandfriction
factorshavevaluesverycloseto thevaluesforfullydevelopedflow.

h thefollowinganalysis,flowinroundtubesandbetweenparallel
flatplateswillbe considered.Theeffectoffrictionalheattigwill
beneglectedandthenlatertivestigatedto someedmnt inthesection
Effectof frictionalheatingonentrancelength.

VelocityandTemperatureDistributionsh BoundaryIayersforGases

ForobtainingtheVelocitiesandtemperaturesintheflowand
thermalboundarylayers,thediffer~tialequationsforshe= stress
andheattransfercanbewrittenasfollows:

q=. kg “
dy

- Pcpgsh Edy
(ThesymbolsusedtithisreportaredefinedinappendixA.) fithe
precedingequations& and &h aretheeddydiffusivitiesformomentum
andheattransfer,respectivelythevaluesforwhicharedependenton
theamountandHad ofturbulentmixingat a petit.Whenwrittenin
dimensionlessform,theseequationsbecome

_ —.. ~. .—.. —— .— —— —.—.
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wherethesubscriptO refersto valuesat thewall.

Assumptions.- Thefollow5ngassumptionsaremadeintheuseofthe
previousequatimsforobtainingvelocityandtemperaturedistributions
intheflowandthermalboundarylayers:

1.Theeddydiffusivitiesformomentum~ andheattransfer&h
areequal.Ereviousanalysesforfullydevelopedflowintubesbasedon
thisassumptionyieldedheat-transfercoefficientsandfrictionfactors
thatagreewithexperimentforReynoldsnumbersabove15,000(ref.6).
At lowReynoldsorPecletnumbers(Pe= ReXPr),theratioofeddy
diffusivitiesappearstobe a functionofPecletnumber(ref.8);but
forReynoldsnumbersabove15,000,itisnearlyconstantfor@sesj at
leastfor fullY developedbound=ylayers;Thesameassumptionismade
herefordevelophgbo~darylayers.

2.Theeddydiffusivitye Isgivenby

e = n2uy

intheregionclosetothewall(y+<26),and

intheregionata distmcefromthewall(y+

by the&dn relation

>26). Theseexpressions
havebeenexperimentallyverifiedforfullydevelopedboundarylayers
tithvariablepropertiesh reference6. It isassumedherethatthey
applyalsoto developingboundarylayers.Thequantitiesn and x are
experimentalconstantshavingthevalues0.109and0.36,respectively.

3.Thevariaticmsacrosstheflowandthermalboundarylayersof
theshearstressz andtheheattransferperunitarea q havea
negligibleeffectonthevelocityandtemperaturedistributions.It iS

showninfigure12 ofreference6 thattheassumptionofa linearvaria-
tionof shearstressandheattransferacrosstheboundarylayers
(% or q = O at theedgeofthethermalorflowboundarylayer)gives
verynearlythesamevelocityandtemperatureprofilesasthoseobtatied
by assumtiguniformsheerstressandheattransferacrosstheboundary

—. ——
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forvaluesof
Of bh+,such

+ between500and5000.b+ Or bh 1

as occurveryneartheentrance,the

5

Forsmall
effectof

variableheattransferwillbe checkedinappendixB andinthesection
litfectofvariationofheattransferacrossboundarylayeronlhsselt
numberforsmallbh+ andconstantfluidproperties.

4. Themolecularshearstressandheat-transfertermsinthe
equationscanbeneglectedintheregionat a distancefromthewall
(ref.6,fig.14).

5.Thestaticpressurecanbeconsideredconstantacrossthe
passage.

6.ThePrandtlnumberandspecificheatcanbe consideredconstant
withtemperaturevariation.Thevariationswithtemperatureofthe
specificheatandPrandtlnumberofgasesareofa lowerorderofmagni-
tudethanthevariationsofviscosity,thermalconductivity,and
density.Thevariationsofviscosityandthermalconductivitywith
temperatureareassumedtobe givenby theequations

ltromthedefinitionsofthequantitiesinvolvedit canbe shownthat

t/t. = 1 - pt+

Solutionofequations.- Thedetailsofthesolutionoftheequa-
tionsforshearstressandheattransferundertheforego@ assumptions
aregiveninreference6. Theresulthgrelationsbetweent+ and y+
and u+ and y+ aregiveninfigures1 and2. Positivevaluesof p
correspondto heatadditiuntothegas;negativevalues,to heat
extraction.Forthecasesinwhichthefluidpropertiesareconsidered

2 Theplottedvaluesof t+conbtant,thecurvesfor P = O areused.
and u+ aretobe usedinthethermalandflowboundarylayers,that
iS,fOr~hles Of y+<bh+ or y+zb+. For~lues of y+ geater

lFigure12ofreference6 appliesto developtigboundarylayersif
thesymbolsr.+ b thefigU??earereplacedby 8+ or bh+.

2Thecaseinwhich p = O isa limitingonewhichcanbe approached
as closelyasdesiredbymakingthetemperaturedifferencesmall.Ih
thelimit,wherethetemperaturedifferenceiszeroorinfiniteshal,the
propertiesmustbe constant.

— —— -——— .-
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than
and

thesefilues,t+ and u+
b+. Therelationsbetween

,,

are constant and have thevaluesat ~h+~+ ~d X/l)will
5h+ and X~ and ,.

be obtatiedinthefollowingsections.

DevelopmentofThermalBoundaryIayers

Heat-flowequationsforthermalboundarylayers.- Theheat-flow
equationforthethermalboundarylayerh a roundtubecanbe obtained
flxmthefollowingdiqywn:

12

Flow

llhergyflowsintothedifferentialannulusby convectionthroughplane1
andleavesthroughplane2. b additionto thisenergythereisa radial
flowofenergy(heat)fromthetubesurfaceby conductionanda radial
flowby convectionat bh- Iioradialheatflowduetotemperature
gradient*akesplaceat bh becausethetemperaturegradientis,by
definiticmofthethermalboundarylayer,zeroattheedgeofthe
boundarylayer.

Equatingtheheatener~entertigtheannulustothatleaving
gives,forconstant~,

)tpuCpg 27trdy
1

+

Cp g %

—

.

,.
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wherethesulscr~ptsontheparenthesesreferto planes1 and2 h the
diagram,or

wherethedifferentialsoftheintegralsindicatechangesintheX-direction.
Equation(1)isthedesiredequationforflowintubesrelatingthethermal-
boundary-layerthicknesstothedistancealongthetube.

An equationcorrespondingto equation(1)canbeeasilyderivedfor
flowbetweenflatplates.Thisequationis

(Jh
qodX=d

o

Equation(2)h the

Cp f3 )tpudy -

ticompressibleformhasbeenusedextensively
forcalculatingthegrowthofthethermalboundarylayerona flat -
plate(ref.7,p.86). ‘

Unifomheatflux,variablefluidproperties(eses. - Thetotal
temperatureoutsidethethermalboundarylayerdoesnotvarywith X
inasmuchasno heatpenetratestheregionoutsidetheboundarylayer.
(Thedifferencesbetweentotalandstatictemperaturearesmallexcept
athighMachnumbers.)Foruniformheatfluxatthewall,equation(1)
cant~enbe titegratedto give

Jbh
QroX

= (t- ~) Pu(ro-
Cpg

o

Equation(3)canbewrittentidimensionlessform

x 1 Jbh+
D–=7 (%+ - t+)~ u+(ro+

2ro
o

—

y)dy (3)

as

- y+)dy+ (4)

-— —-.— — ...—
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where,fromthedefinitionsofthevariousquantitiesinvolvedandthe
perfectgaslaw(constantpressure),

P/P~= 1/(1- 13t+) (5)

Whenequation(4)istobe used,valuesof rO+ and ~ mustfirstbe
fixed.Valuesof X/D canthenbe calculatedforvariousvaluesof
bh+. Therelationsbetweent+ and y+ and U+ and y+ areobtained
fromfigures1 and2.

Theequationforflatplatescorrespondtigto equation(4)is
obtainedfromequation(2)andisfoundtobe

J

bh+
xl—.—
D (tb+-t+) ~u+dy+ (6)

4r~+
o

where D istheequivalentdiameterforflowbetweenflatplates,or
twicetheplatespacing.

UniformWalltemperature,constantfluidproperties.-Forflowin
tubes,equation(1)canbewrittenas

&=J[]*d[J5h(t-t~)pu(ro-y)d‘7)
wherethequantityinbracketsisalsotheupperlimitontheintegral.
Forconstantfluidpropertiesanduniformwalltemperature,equation(7)
canbewrittenindimensionlessformas

1-

Stress Z() isallowedto

—=
ro

J o

wheretheshear

‘,
sincet~ do’eq

1-t+)PU+(ro+- Y+) Or+ (8)

varywith X. But

%/to‘ tJto = 1-13 tb+

notvarywith X. Therefore,

P = (l/tb+)(1-t+())

—— — .
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Substitutingthisexpressionfor @ titoequation(8)resultsin

9

Equation(9)givestherelationbetweenX/D and ~h+ forroundtubes
withuniformwalltemperatureandconstantfluidproperties.Itsuse
issimilarto thatofequation(4).

~usseltnumbersandReynoldsnumbers.- It oaneasilybeshown
(seeref.9)fromthedefinitionsofthequantitiesinvolvedthatthe
NusseltnumberandReynoldsnumber(propertiesvariableor constant)
forcirculartubeswiththefluidpropertiesevaluatedatthewalltem-
peraturearegivenby

2rO+I?r
NUO=

%+
(lo)

and

where

and

Reo= 2ub+ro+

J’‘0+t+u+(ro+-Y+)dy+h+= 0
1-@t+

u

Jro+U+(’O+-Y+)~y+

o l+t+

s%+ +
t+u+(ro+-y+) %+

J

r.

dy++ u+(ro+-y+)dy+

o l-pt+ l-pt~+
5h+

Jbh+u+(ro+-y+)

J

‘o+
dy++ 1 u+(r.

l-pt~+
‘-y+)dy+

o l-pt+ bh+

2

J

ro+
Ub+=—+2 u+(r.‘-y+)dy+

ro o

(11)

(12)

— -— .——— .—
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which,hy combhationwithequation(12),becomes

+
\ bh +

J

r.
u+(r.‘-Y+) 1

dy++ — u+(ro+-y+)dy+
l-pt+ l-ptb+

o bh+
L

Theforegoingequationsarefora circulartule.The
equationsforflowbetweenflatplatesare

4rO+Tr
Nuo=

%+

and
\

where

Reo= 4ub+ro+

(13)-

corresponding

(14)

(15)

Jbh+ Jr.+

t+u+ tb+
dy++ U+dy+

l-pt+ l-pt~+ ~h+
$+= 0

+ (16)

J

bh+

J

ro
u+

dy++ 1
1-pt+

u+dy+
o

l-p%+ b~+

and

(s

bh+ u+

J )

ro+
+=+ (1-p~+) — dy++ 1ub

l-$t+
U+dy+ (17)

l-pt~+
‘o

o %+

Whenvaluesof Nuo and Reo me calc~ted,valuesof ro+ ~d P
mustbe fixedas h equation(4).Valuesof Nuo and Reo are
obtatiedforgivenvaluesof X@ and f3.3

unfortunately,~ variesalongthe
that qi’ ismoreconvenientforuseas

passage.Itwilllater
a heat-fluxparameter.

thus

be seen

-. .—— _—___
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Thetemperature-d velocitydistributionsfromfigures1 and2 can
be usedforthesequantitiesexceptfortheregionoutsidethethermal
boundarylayer.Thetemperaturedistributionis,of course,unifozm
outsidethethermalboundarylayer(t+= t~+). Whenthevelocitydistri-
butioninthatregioniscalculatedforthecaseinwhichthevelocity
distributionisfullydeveloped,itshouldbe rememberedthatthe
propertiesareconstintandfivethevaluesat ah+.
5h+s26,thevelocitydistributioncurvesoutsidethe
onthesemilogarithmicplotarestraightlineshaving

Forvaluesof
thermalboundary
theslopeofthe

curves at bh+.

I?usseltnumbersand
peraturesotherthanthe
relations

Reynoldsnumberswithpropertiesbasedontem-
walltemperaturecanbe obtatiedby useofthe

tJto = l-p~+

%h) ,=l-pt~+

%Jpo = w-%+)

andsoforth,wheretheperfectgaslawwith,constantstaticpressure
acrossthetube,constantPrandtlnumber,andconstantspecificheat
havebeenassumedas inreference6. Theexponentd isobtainedfrom
viscositydataandisfoundtobe about0.68forairandmostgases.
ThefollowingrelationsforReynoldsnumbersthenresult:

R% =Reo 1

(~/to)d+l

(tb/to)d
Rei= R%

(t~lt~)d

(18)

(19)

wherethecontinuityrelationPbub = Piui hasbeenused. Stiiwly,

Nuo
Nub=

(~lto)d
(20)

— —.— ——.—___ . ..— ————.-. —...— . ..—— .— . .—
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and

(21)

Anotherusefulparameteris qi’,whichcanbe calculatedfrom

Im-@o)
~i’ =

ub+(t+o)
(22)

Equation(22)canbe obtainedflrcnnthedefinitionof qi’ andthe
perfectgaslawforconstantpressure,‘()/tb= pb/p@for % % iS
constantalmg thetube.Theimportantpropertyof qi’ isthat
itdoesnotvaryalongthelengthofthetube.

It isdesiredto calculatethevariationofbulktemperatureandwall
temperaturealongthetubeforuniformheatflux. It canbe shown,by use
ofthee~ressions~ = h(to-~) and mxqo = pg(fl/4)D2ub cp(tb-tl)~
thatdimensionless
given’by

bulktemperatureandwalltemperatureparametersare

and

Equations(23)and
well

This

as fortubes.

()tb-ti 1 Ax
ti q= 5

(24)canbe used

TheaverageNusseltnumberfor

(23)

RetI?r
Nui +4; (24)

forflowbetweenflatplatesas

a givenX/D iscalculatedfrom

X/b
Nq,av = xr W2.1

o Nui

equationis consistentwiththedefinition

(25)



N.ACATN3016 13
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.,

whichie
andbulk
equation

#

.

(to -

theusualwayof
temperaturesfor
(26)isreplaced

(to - tq)av

sx (to-~)~
~)av= 0 x’

definingtheaveragedifference
uniformheatflux. Foruniform
by ~x

1

(26)

betweenwall
walltemperature

whichgivesa Nusseltnumberconsistentwithequation(25).Forpoints
beyondtheentranceregiontheNusseltnum%ersandtemperaturedistri-
butionsarecalculatedas outlinedinappendixC!.

DevelopmentofI?1owBoundaryIayer

Momentumequationsforflowboundarylayers.- Themomentumequa-
tionforthefluidina givenspacecpn%ewrittenforsteadyflowin
vectornotationas

F=oA*a
V(PV.u) (27) “

ortheforceactingonthefluidh a space1sequalto therateof
flowofmomentumoutofthespace(ref.10,p. 233).men the x com-
ponentofequation(27)iswrittenforthepreviouslyillustrated
differentialannulus(bh replacedby 8),therereSUlt6

differentialofthesecondintegralistheradialmassflowwherethe
intotheannulusat 5. Theforce~ iscomposedofpressureforces
onplanes1 and2 anda shearforceatthewall. Thereisno shear
forceat 8 becayeethevelocitygradientis,by deftiitionofthe
boundarylayer,zeroattheedgeoftheboundarylayer.Theforcedl?x
isthenequalto

Substitutingfor

-[
~oz- 1x(ro-5)2dp - 23rro’codx

dl?xgives,forequation(28),

.-. —.—- ...-— .——— _— ——.— -.—- —.. . __ —.—..
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5(2r0-b)dp+ 2r0‘cOdx . 2% d~5p.(ro-,ldy]-2d[J’ pu2(ro-y,dj ‘

(29)

Tntheregionoutsidetheboundarylayer,theflowis frictionless,so
that

dp=- P~ d% (30)

Substitut.@gequation(30)inequation(29),rearranging,andIntegrating
betweenthetubeentranceand X give

x=sUi“~~)p’d%-f[]d%+
J[’w;;-yxl ,3,,

0

wheretheboundary-layerthiclmesshasbeentakenas zeroat X=o.
Equation(31)isthedesiredequationforflowintubesrelatingthe
bound~y-layerthicknessto distancealongthetube.

Equationscorrespondingto equations(29)and(31)canbe derived
forflowbetweenflatplates.Theseequationsare

and

x=

L

bdp+-codx=%d (“pud;-d(’5’u2d~ (32)

.

d[m2W]

.

(33)
. J

..— —-. –.—. — ———. --
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Equation(32)
sivelyinthe

15

wasfirstobtainedby von~~ andhasbeenusedexten-
incompressibleformforcalculatingthegrowthofthe

boundarylayerforfluidsflowingoversurfaces(ref.7,p. 66).

Thevalueof 5 mustbe knownintermsof ~ to solveequa-
tions(31)and(33).Thisrelatimwillbe obtainedinthesection
Conservationofmass,constantproperties.

Dimensionlessformofmomentumequationsforconstantproperties.-
Equation(31)fortubescanbewrittenindimensionlessformforconstant
fluidpropertiesas

xl

s

~+‘0+(~+/ro+)(2-5+/rO+)
-=—
D 4 ~e ro+

-Z

W+ d(W+rO+)-

J-[1
d

1
z,

0

,J’+u+2(:-y+)dyj+,fu+d[J’+u+jdyj
r.

0

(34)

Equation(34)canbe verifiedby substitutin~thedefinitionsofthe
dimensionlessquantitiesintotheequation.‘Equation(34)mbe put
titoa formmoreconvenientforcomputationby usingthedefinitionfor
thedifferentialofa product.Thus

ro+~ ‘d

J.~+(ro+:y+)~y+
d(ro+~+) u+ ro+

o

Substitutionofequatim(35)intothelasttermof
(thesubstitutioncanbemoreeasilymadeifeq,.(34)is
tiatedwithrespectto X) andstiplificationgive

r.’
.

(35)

equation(34)
firstdifferen-

..—.- . .. .. ._— _ __ ._ _ ._ —-. ——. .—.—.
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J%+
x-.1)

I/e-z

+ro m6L—
4 ~o+

J

1

0

J6+
-L (2-t3+/ro+)n5+- +
ro+ &o+ o

[f

6+
1~
+2 (Ub+-u+)u+(ro+

a’. o

1U+(ro+-y+)dy+a(ro+Ub+)+

‘1y+)dy+ (36)

Equation(36)relatesx/D to 5+ forvariousvaluesof Re
fortubes.Therelationbetweenu+ and y+ isobtainedficmthe
curvefor ~ = O infigure2. ‘I’hevalueof ro+ fora givenRe and
5+ tillbe obtatiedh thenextsection.Thecorrespondingequation
forflowbetweenflatplatesisfoundfromequation(33)tobe

orthebulkvelocityis constantandequalto theuniformtiitial
velocity.Fora tube,equation(38)canbe written

2

J

r.
ui. — u(r.- y)dy

r02
o

2

J

5 %=— u(r.- y)dy+ ~ (r.- ~)2

“02 (-J r.

.!

(37)

Conservationofmass,constantpropefiies.- Ih orderto solve
equations(36)and (37),~+ mustbe how intermsof Re. This
relationcanbe obtainedfromthelawof consermtionofmass. Fora
constant-areaductandconstantdensity,themw of consemtionof~SS
gives

Ui = Ub (38)

fY

v.,

(39)

.,
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Equation(39)canbewrittenind%nensionlessformas

J~+
Re=~ u+(rO+- y+)dy++

ro+ o

Theequationcorrespcmdingto equation(40)
is

p ~+

2W+(ro+. 5+)2

ro+

forflowbetween

Re=4
J

u+ dy++ 4~+(rO+- b+)
o

17

(40)

flatplates

(41)

Equation(40)or (41)givestherelationbetweenRe and ~+ or ~+
fora givenvalueof ro+.

Nusseltnumlers,Repoldsnumbers,andfrictionfactora;constant
fluidproperties.- Nusseltnumbersfora developingvelocitydistribu-
tionaswellasa developingtemperaturedistributioncanbe calculated
fromequations(10)and(12)or (14)and (16)asbefore.If theassump-
tionIsmadethatthethermal-andflow-boundary-layerthicknessesme
equal(5h+=5+ for Tr=l)4,equation(12)fortubescanbe simplified,
andforconstantfluidproperties(P= O)becomes

.bh+J t+u+(ro+- y+)dy++
%+2%+ (rO+-bh+)2

~+= 0 ~+

J
h ut(ro+- X (ro+-5h+)2y+)dy++ z

o

(42)

A similarequationcanbe obtatiedforflowbetweenflatplates.

Reynoldsnumbersforflowintubesandbetweenplatescanbe calcu-
latedfromequations(40)and(41).Forconstantfluidpropertiesthe
Reynoldsnumberisconstantalongthelengthofthetube.

Thepressuredropbetweentheentranceanda givensection,whichis
requiredto calculatethefrictionfactor,isobtainedby integrating
equation(30).

P~2 P~2
Pi .p=T_—

2 (43)

Or,indimensionlessform,

P’ =
+2

2(u5+r. ) - ~Re2 (44)

%is assumptionisusedonlyfordetemtitig~+ forthecasewhere
theinitialvelocityandtemperaturedistributionsareuniform.

—.._—_ ._—. ——— —— ————
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b

+2
P’ = 8(~+r0 ) -~ Re2

forflatplates.Thepressure-dropparameter
definedas

~ (Pi- P)PD2pl~
W2

(45)

P’ intheseequationsis

(46)

Theaveragefrictionfactorlasedonthepressuredropfora givenX@
isdefinedby

~ D(pi- p)
fav 2xPub2

or

(47)

(48)

.?

‘l!hisequationticludesmomentumchangescausedby velocityprofile
development.

Thelocalfrictionfactor%asedonthelocalpressuregradientis
definedby

f= -
D(dp/dX) (49)
2Pub2

or

($0)

When f istobe foundfrcnnequation(50),thecurvefor p’ againstX/D
canbe differentiated;or thecurves,calculatedfromequation(36)or (37)-)
for ~+ ro+ againh X~ canbe dtiferentiatedand dp’/d(X~)cal-
culatedfromequation(44).Thelatterprocedureprovedtobe themore
accurate.

Thelocalfrictionfactorbasedonthelocalshearstressatthe
wallandexclud~ moqentumchangesdueto
isdefinedby

2T0
fT=—

p %2

a developingvelocityprofile

(51) .

w

——
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and, sinceRe isconstantalongthetube
*0+2

& ‘~

(52)

andequalto tib+ro+,

(53)

5 + is obtainedwheretherelationbetieenro+ ~d Re fora @~en
fromequation(40)or-(41).

RESILTSANDDISCUSSION

HeatTransferwithUniformHeatFlux,UniformInitial

TemperatureDistribution,FullyDevelopedVelocity

Distribution,andVariableFluidProperties

forGases;PrandtlNuuiberof0.73

Developmentofthermalboundarylayer.- Figure3 illustratesthe
developmentofthetemperatureprofileIna tubeforuniformheatflux
anda fullydevelopedvelocityprofile.Thedistancealongthetube
forvariousthermal-boundary-layerthicknessesis calculatedfromequa-
tion(4)andthetemperaturedistributioninfigure1. Thetemperature
distributioninthethermalboundarylayeris obtainedfromfigure1;
thetemperatureoutsidetheboundarylayerisuniform,inasmuchasno
heatpenetratesthatregion.TheReynoldsnumbersarecalculatedtiom
equations(11)and(13).Flgme 3 indicatesthatfora fixedtube
diameterata givendistancefromtheentrance,theboundary-layer
thiclmessislessforhighReynoldsnumbersthanforlowones,orthe
distancerequiredfora givendegreeoftemperatureprofiledevelopment
is~eaterforhighReynoldsnumbersthanforlowones.

Althoughthetemperaturedistributionsinfigure3 arefor j3= 0,
or constantfluidproperties,shilardistributions=e obtatiedfor
variablefluidpropertieswithlargeamountsofheattransfer)asmaY
be ~erred fromfigure4. Thevariationofthethermalentrance
length,definedasthelengthrequiredforthethe-l bo~d~y ~Yer~
fromtheoppositewallstomeetatthecenterofthepassage,with
Reynoldsnumberandheatflm qi’ isshowntifigure4. me qHtitY

~i‘ wascalculatedfromequatim(22).Thequantityqi’ ratherthan
~ isusedas a heat-fluxparameterinasmuchas itis constantalong
thelengthofthetube.Fortherangeof qi’ shown,to/~ varies
fromabout0.4to 3. Figure4 indicatesthatheatfluxhasbuta
slighteffectonthethermalentrancelength.

---- -–——— ——- .—— .— .— —. . ——
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LocalNusseltnumbersfortubes.- LocalNusseltnunibershD/ki
propertiesevaluatedattheinlettemperatureareplottedagainst
~or-veriousvaluesof Rei and qi’(heatflu) h fi~e 5. me

heat-transfercoefficientb theNusseltnumberisbasedonthediffer-
encebetweenwallandbulktemperature(seeappendixA). For
obtainhgthecurvesNumeltnumberswerecalculatedfromequations(10),
(2o),and (21);Reynoldsnumbers,fromequations(11),(18),and(19);
qi’,fromequation(22);and X/D,fromequation(4)forvariousvalues
oftheparametersbh+,ro+,~d 13.Interpolationwasnecessaryfor
obtatiingtheVariatimof N% with X@ forconstantvaluesof Rei
and qi’.

Thecurvesinfigure5 tidicate,asmightbe expected,thatthe
Nusseltnumbers(heat-transfercoefficients)closetotheentranceare
veryhighb comparisonwiththefullydevelopedvaluesfartherdownthe
tubeattheendsofthecmrves.Thesevaluesarehighbecause
thethermalboundarylayeristktnandthetemperaturegradientsccnme-
quentlfaresevereneartheentrance.At X/D= O theboundary-layer
thiclmessbh is zero,sothattheheat-transfercoefficientisinfinite
attheentrance.Foruniformheatfluxthismeansthatthet~perature
differenceto -~ mustbe zeroat X/l)= O;fora finitetemperature
differenceat X~ = O theheattransferperunitareacouldnotbe
uniform,sinceitwouldbe infiniteattheentrance.

Inspectionofthecurvesinfigure5 showsthattheNusseltnumbers
verynearlyreachtheirfullydevelopedvalueslongbeforethethermal
boundarylayershavemetattheendsofthecurves.Forinstance,for
qi‘= O (constantfluidproperties)and Rei= 100,000,theNusseltnuder
at X/D of9 iswithin2 percentofitsfullydevelopedvalueat X/D
of 18.8.Thisindicatesthat,forpracticalpurposes,thethermalentrance
lengthscanbe consideredtobe lessthanhalfthevaluesgivenin
figure4.

Compeziscmofthecurvesfor qi’= 0,0.004,and-0.0025indicates
a decreasein Nui ata givenX/D forheatadditiontothegasand
an increaseforheatextractionfromthegas. Forbothheataddition
andextracticm,Nui increaseswith X~ forlargevaluesof X~.
Thesetrendsareclearlyshowninfigure6,where Nui isplottedfor
!li‘= 0.004and-0.0025forlargevaluesof x~ . For qi’= O (constant
properties)theNusseltnumbersareconstantbeyondtheentrancelength.
TheNusseltnumbersforvaluesof X/D beyondtheentranceregionwere
calculatedby themethd describedinappendixC. Forheatextraction
fromthegasthecurvesarecutatthepointsshownbecausethewall

. temperaturereachesabsolutezeroatthosepoints.Theportionsofthe
curvesforwhichthetemperatureisbelowtheliquefactiontemperature
ofthegasshould,ofcourse,be disregardedbecausethepropertiesno
longerhavetheassumedvariationswithtemperature.Theincreasesin
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Nusseltnumberwith X@ arecausedby thevariationofpropertiesalong
thetubeandacrossthetube. Theincreasesaredueprincipallytothe
variationof to/~,whichdecreasesalongthetubeforbothheataddition
toandextractionfromthegas.

It isclearfromfigure6 thatfullydevelopedheattransfer,in
thesensethattheheat-transfercoefficientbecomesindependentof X/D,
cannotbe obtainedwhenthepropertiesarevariable.Fullydevelopedheat
transfercan,however,be.obtainedinthesensethattherelationbetween
theNusseltnumberandReynoldsnumberbecomestidependentof X/D for
sufficientlylargevaluesof X/D whenthepropertiesareevaluatedat
theproperreferencetemperature,as showninfigure7. Thecurvesin
figure7 wereobtainedby cross-plottingthecurvesfor qi’= O fhm
figure4. Theycanbe usedfor qi’# O by evaluathgtheproperties,
includ5ngdensity,intheNusseltnumberandReynoldsnumberatthe
referencetemperaturest=~ x(to- ~) + ~ giveninfigure8. The
valuesof x werecomputedby eelectingvaluesof t= suchthatthe
valuesof I’7~md Rex,calculatedf?omthecurvesh figure5,from
equations(18)to (21),andfromthedefinitionof tx,fallonthelines
for qi’= O infigure7. Thecurvesinfigure8 indicatethatthe
reference-temperatureforpotitscloseto theentranceisslightly
closertothebulktemperaturethanthereferencetemperatureforfully
developedheattrausfer,althoughitsvariationwith X/D isnotlarge.

l%Pfectofvariationofheattransferacrossboundarylayeron
NusseltnumberfOrsmall5h+ andconstantfluidproperties.- l?orlarge
~hes of bh+ (rO+forfullydevelopedflow),theeffectoftheradial
variationofheattransferontemperaturedistributimswascheckedin
reference2 andfoundtobe small.However,forlowvaluesof bh+,
suchas occurveryclosetotheentrance,theflowisnearlylaminar,
sothatthetemperatureprofileintheboundarylayerisnotflatas it
isforhighervaluesof ~+. Thetemperaturedistributioninthe
thermalboundarylayerforlamherheattransferfroma flatplatecan
be closelyrepresentedby a cubicparabola(ref.7, p.89 , whichmeans
thattheheattransferperunitareavariesas 1 - A#/ah , as show h
appendixB. Thisvariationofheattransferisusedhereinforturbulent

+ h orderto obtaintheeffectofvariationheattransferforemall~
of q/~ ontheNuaseltnumbersintheentranceregion.Theexpression

forthetemperaturedistributionwiththisvariationof q/~ isobtained
inappendixB.

—. --.—— —.——
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TheVariatimof Nu with X~ forvariableheattransferper
areaacrosstheboundarylayer(q/~ = 1 - #/5h2)is showninfig- .

ure9. I?orcompmison,thecurvesfromfigure5(a)forconstantheat
transfer(q/~ = 1)Areshuwnby dottedlines.Thecurvesinfigure9
tidicatethatthevariationofheattransferperunitareaacrossthe
boundarylayer.hasa negligibleeffectontherelatianbetweenNusselt
numberand X/’D,sothattheuseofthetemperaturedistributionsin
figure1 appe=sjustified,evenforlowvaluesof ~+.

Wallandbulktemperaturedistributionsfortubes.- Walland
bulktemperaturesalonga tubewithuniformheattransferas calculated
frcmeqfitions(23)and (24)areplottedindimensionlessformin
figure10. As mentionedpreciously,thewallandbulktemperaturesare
equalattheentranceforuniformheattransfer.Thebulktemperature
varieslinearlywith X/D inasmchasthespecificheatisassumed
constant.For qi’. 0 thewallandbulktemperaturecurvesare
parallelbeyondtheentranceregion.Forbothheataddition
(~i’= < .0.0C4)andheatextraction(qi’= -0.0025)fl?omthe@s, the
wallandbu~ temperaturecurvesconvergebeyondtheentranceregion
becauseoftheincreaseinheat-transfercoefficientwith X/D for
thoseportionsofthecuzves.

Avers@Nusseltnumbersfortubes.- Thevariationofaverage
NusseltnumberHui,avwith X/D as calculatedfromequatiad(25)is
shownh figure11.-Thetrendsaresimilarto thoseforlocalIVusselt
numbersbutthechangesaremoregradual.

Therelation,betweenN~,av and Rex,avforvariousvaluesof
X/D isgiveninfigure12. Thecurveswereobtainedby cross-plotting
thecurvesfor qi’= O infiguren(a) andcanbeusedfor qi’# O
by evaluatingthepropertiesintheI?usseltnumberandReynoldsnumber
at t=av = ‘(tO,av- ~,av) + ~,av,where x iSgivenh figure13.
Theva~uesof x werecomputedby selectingvaluesof txav suchthat
thevaluesof IV~,av~d Rex,avcalculatedas outlined)inappendixC
fallonthelinesfor qi’= O infi~e 12.“l?iWe13~di~tes t~t
thevalueof x increasescontinuouslywith X~ forbothheataddition
toandextractionfromthegas. Thesetrendsae indicatedexpertientally
forheatadditioninreferencell,wherea const~treferencetemPera*~e
usedfora rangeofvaluesof X/D wasfoundto giveaverageNusselt
numbersforhighheatfluxesat lowvaluesof X/D whichwereslightly
higherthanthoseforlowHeatfluxes.Thevaluesof x givenh
figure13indicatethatforlargevaluesof X/D,x>l, sothatforheat
additiontx,av ishigherthantheaveragewalltemperaturealthough
notnecessarilyhigherthantheexitwalltemperature.Thevariation
of x with X/D is causedby thevariationofpropertiesalongthe
tube.A mOresatisfactorycorrelationwouldperhapsbe obtainedby

*
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usingx onlyto accountforthevsriationofpropertiesacrossthe
tubeandusinganotherfactorto accountforthevariational~ngthe
tube. Thecurvesinfigures12”and13might,however,providea con-
venientmeansofutilizingtheresultsoftheanalysisforsomepurposes.

I?usseltnumbersandtemperaturedistributionsforflowbetweenflat
-“ -I?usseltnumbers,walltemperaturedistributions,andbulktem-
peraturedistributimsforflowbetweenflatplateswithunifozmheat
transferandfullydevelopedvelocitydistributionareplottedin
figures14to 16. ThecurvesagreecloselywiththecorrespcmdingCurves
forflowina tube.Forinstance,thecurvesforlocalNusseltnumbers
plottedh figure14arebetween~ and5 percenthigherinthefully

developedportionsofthecurvesthanthecorrespondingcurvesfortubes
infigure5. Theportionsofthecurvesclosetotheentranceagree
evenmoreclosely.Thisagreementindicatesthatresultsforturbulent
heattransferintubescanbe used,withsmallerror,forflatplates
whenan equivalentdiameterequaltotwicetheplatespactigisused.

It shouldbe emphasizedthatinappl~ theresultsofthefore-
goinganalysisthesameassumptionsregardingthevariationofproperties
withtemperatureshouldbemadeasweremadeh theanalysis,thatis,
constantspecificheat,andviscosityandthermalconductivityboth
proportional-tot0*68.

It shouldalsobementionedthatthsresultsinthisanalysisdo
notticludethelowI?ecletnumbereffectdescribedinreference8 ~s-
muchasthetemperaturedistributionsinfigme 1 donotticludethat
effect.TheNusseltnumbersat Rei. 10,000maythereforebe slightly

high,buttheratiosoflocalto fullydevelopedNusseltnumbersshould
be accurate.

lffectoffrictionalheatingonentrancelength.- Theeffectof
frictionalheatingonthe X/D fora givenah+ canbe approxhately
accountedforbyreplacing~ + and t+ by T5+ and T+,respectively,
h equation(4)andsetttigP/P.= 1/(1- ~T+- CY.U@)(ref.9). In
usingthatprocedureitisassumedthatthetotal-temperaturegradientis
zeroattheedgeofthethermalboundarylayer,a goodassumptionfor
‘Prandtlnumbersclosetounity.

Thevariationofthermalentrancelength(X~)k withReynolds
numberandheatfluxwithfrictionalheat- (a. 0.00025)iash~
infigure17. Machnumbersforairatthetubecenterat (X/D)heare
indicatedinthefigure.TheMachnumberswerecalculatedfrom

—-————..—. .— —. —-
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mM= L 1
7-1 1—_

+2 1
~c

whichcanbe obtainedfromthedefinitionsof M, Tc,UC+)and a. Com-
parisonoffigure17withfigure4 indicatesthat~ictionalheating
increasestheentrancelength,althoughtheincreaseisnotlargefor
subsonicflow. InasmuchasNusseltnumbersforfullydevelopedheat
transferarenotaffectedby frictionalheating(ref.9),theeffect
offrictionalheatingontherelationsbetweenNusseltnumberand Xfi
probablyisslightwhenthetotalratherthanthestaticbulktempera-
tureisusedh thedefiniticmoftheheat-transfercoefficient.

HeatTransferwithUnifomnWallTemperaturejUniformInitial

TemperatureDistribution,FullyDevelopedVelocity

Distribution,andConstantFluidPropertiesfor

Cases;PrandtlI?umberof 0.73

RelationsamongNusseltnumber,Reyaoldsnumber,and X/% forthe
caseoftubes,as calculatedfromequations(9)to (11),are-plottedIn
figure18. Comparisonoffigure18withfigure5 tidicatesthatthe
Nusseltnuuibersforuniformwalltemperatureme veryslightlylower
thanthoseforuniformheatflux. Theheattransferperunitarea qo
mustbe infiniteat X/D= O foruniformwalltemperature.Thisoccurs
onlyforan Miniteshal distanceU, however,sothata ftiitemount
ofheatistransferred.

Heat‘IYansferwithUniformHeatFlux,IhiformlhitialVelocityand

TemperatureDistributions,andConstantFluidProperties

for@sea;TrandtlNumberof 0.73

ForcalculatingthevariatimoflW.sseltnumberwith Xh for
thiscasetheflow-~oundary-layerthicknessaswellasthethermal-
boundary-layerthicknessshouldbe lmownforvariousvaluesof x/D.
However,inthecalculationofNusseltnumbers,itis considered
sufficientlyaccuratetoassumethethicknessesofthethemnaland
flowboundarylayerstobe equal,inasmuchas thePrandtlnumberis
closetounity.

RelationsamongNusseltnumber,Reynoldsnumber,and X/D for
tubes,as calculatedfromequations(10),(42),(40),and (4),are
plottedtifigure19. Comparisonoffigure19withfigure5 indicates

— —
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. thattheNusseltnumbersfora uniforminitialvelocitydistributionare
higherthanthosefora fullydevelopedvelocitydistribution.This
resultmightbe expectedbecauseofthehighertrictioninthecaseof
theuniformtiitialvelocityprofile.

AverageNusseltnumbersascalculatedfromequation(25}areplotted
infigure20. Figure20(b),whichisa logarithmicplot,comparesthe
predictedrelationsbetweenNuav ad X/D withtheempiricairelation
Nua(X/D)‘0‘l. Curveshavinga slopeof -0.1onthelog-logplotagree
closelywiththepredictedlinesfor X/D between6 and60. Theagree-
mentofthedatagivenin.reference11withtheempiricalrelationfor
valuesof X/D asldghas120mightbe dueto theuseofa constant
ratherthana variablereferencetemperatureasgiveninfigure13.

Nusseltnumbersforflowbetweenflatplatesaregiveninfigure21.
Comparisonoffigure21withfigure19indicatesverycloseagreement
betweentheNusseltnumbersfortubesandflatplates.

HeatTransferwithUnifomWallTemperature,Uniformbitial

VelocityandTemperatureDistributions,andConstantFluid

PropertiesforCases;PrandtlNumberof 0.73;

andComparisonwithExperimentalData

ThevariationofNusseltnumberwith X/D forthiscaseisgiven
infigure22. Thecurvesagreecloselywiththoseforthecorres-
pondingcaseforuniformheatfluxgivenh figure19. TheNusselt
numbersforuniformwalltemperatureareslightlylowerthanthosefor
uniformheatflux.

A comparisonbetweenanalyticalandexperimentalresultsforuni-
formwalltemperatureanduniforminitialvelocityandtemperaturedis-
tributionsisgivenh figure23. Theexperimentalcurvesrepresent
datafromreference12forairflowingina tubeatuniformtempemzdnme
witha bellmouthentranceanda screenattheentranceandshouldrepre-
sentthecaseanalyzedinthissection.Thescreenattheentrance
shouldtisurea turbulentboundarylayerthroughoutthetube. The
figureshowsthattheagreementbetweenanalyticalandexperimental
resultsforthiscaseisverygood.

Thelackofa comparisonofthepresentanalyticalresultsfora
uniformwalltemperatureanda fullydevelopedvelocitydistribution
withthedatafromreference12,whichweretakenwitha longapproach
sectionattheentrance,shouldperhapsbe explatied.Itappearsthat
thesharpedgeatthebeginningofthelongapproachsectionproduced
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whichwerenotdampedouth thelengthofapproach
datatireference12forheat-transfercoefficients

witha sharpentrancewithoutan approachsectionindicatesuchresults.
Forthatcaeetheheat-transfercoefficientsarehigherthroughoutthe
tubethanthoseobtajnedwitha bellmouthentrance.

AverageNusseltnumberscalculatedfromequation(25)areplotted
infigure24. As h thecaseof localNusseltnumbers,theaverage
Nusseltnumbersfora uniformwalltemperatureinfigure24areslightly
lowerthanthosefora untiormheatfluxh figure20.

HeatbansferwithUnifozmHeatFlux,UniformInitial

TemperatureDistribution,3hllyDevelopedVelocity

Distribution,andConstantFluidPropertiesfor

LiquidMetals;PrandtlNumberof0.01

Temperaturedistributionsforfullydevelopedflowcalculatedas
describedh reference8 andplottedinfigure25wereusedinthe
thermalboundarylayerforcal.gulatingthevariationofNusseltnumber
with X/D forli~uidmetals.Thevelocitydistrlbutimswereobtained
fromthecurvefor F = O infigure2. ‘Thecurvesfor Nu against
X~ tifigure26werecalculatedfrom.equations(4)and (10)to (12)
(P= O). An unexpectedfeatureofthesecurvesistheslightincrease
ofIhzsseltnumberwith X/D at largevaluesof X/D andReynoldsnum- ‘
ber. Thisincreaseisduetothechangein shapeofthetemperature
profilewith bh+ forlowl?randtlnumbers.Thus,as bh+ ticreases,
thetemperaturegradientatthewallincreasesslightlyh some
instancesbecauseoftheaddedturbulenceintheboundarylayerat
highervaluesof ~+. Thiseffectisindicatedexperimentallyby

thedatainreference13.

A plotoflhsseltnumberagainstPe/(X/D)forvariousYeclet
numbersisgivenh figure27. E theheattransfercontributedby
eddydiffusionwereneglected,thecurvesforvariousReynoldsnumbers
wouldfallessentiallyona singlelineas inreference5. Examination
ofthecurvesinfigure27 indicatesthatforReynoldsnumbersbelow
1000thecurvescouldbe representedapproximatelybya singleline.
Thisltieisslightlyhigherthantheoneobtainedinreference5 inas-
muchas a uniformwalltemperatureratherthana uniformheatfluxwas
postulatedh thatrefertice.

+

t.
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‘RictionFactorswithUWformIhitialVelocityDistribution

andConstantFluidProperties

Threefrictionfactors”arediscussedh thissection:f=,based
ontheshearstressatthewall;f,based~ thes*atic-Pres~~adient;
and fav,basedonthepressuredropalongthetube. Thefrictionfactor
f% IScalculatedfromequation(53);f, fromequation(50);and fav,
hornequation(48).TheReynoldsnumlersandvaluesof X/D corres-
pondingtothesefrictionfactorsarecalculatedfromequations(41)and
(36).Thevelocitydistributimsb theflowboundarylayerare
obtatiedfromthecurvefor ~ = O infigure2.

Thefrictionfactorsfora tubebasedontheshearstressatthe
wallandonthestatic-pressuregradientareplottedinfigures28and
29,respectively.Thefrictionfactorsbasedonthepressuregradient
arehigherthanthosebasedontheshearstressh theentranceregion
becausetheformerincludethepressuredecreasecausedby theincrease
in momentumofthefluidasthevelocityprofiledevelopsaswellas
thepressuredecreasecausedby theshearstressatthewall. For
fullydevelopedflowthetwofrictionfactorsareidentical.Average
frictionfactorsbasedonthepressuredropareplottedinfigure30
andare,ofcourse,higherthanthe100alvalues.

Thecomputedvaluesof f and fav aresubjectto some’5naccuracy
becauseoferrorsassociatedwithmeasuringtheslopeofa curve(eq.
(50)) andbecausethetwotermsinequation(44),whicharesubtracted,
arenearlyequalclosetotheentrance.Theresultspresentedshould,
however,bewellwithintheltiitsofaccuracyof expertientallydeter-
minedfrictionfactors.

I?rictionfactorsforflowbetweenflatplatesareplottedin
figures31to 33andarefoundtobe verystiilartothosefora tube.

comparisonofLocal

A comparisonoflocal
variouscasesispresented
Nusseltnumberorfriction

NusseltNumbersand

I’?usseltnumbersand
h figure34,where
factortothefully

plottedagainstXh fora Reynoldsnumberof

IZriction Factors

frictionfactorsfor
theratiooflocal
developedvalueis
100,000.Thequantity

fiu/Nudiismaller”than f/fd fora givenX/D 6 allcasesexcept
thatofheattransfertoa liquidmetal(Pr= 0.01).Thelargervalues
of Nu@~ fora liquidmetalareapparentlycausedby thefactthat
thetemperatureprofileat lowPrandtlnumbersisstiilartothatfor

_—— ——.. —_ __ —.— ——.



28 NACATN3016

laminar flow. AtveryhighReynoldsnumbers,wherethedipoccursin
thecurvesforNusseltnwiberplottedagainstX/D,ad atvery1’OW
Reynoldsnumbers,thevaluesof Nu/N~ maybe lowerthan f/fd for
liquidmetals(fig.26). Forgasesthevaluesof Nu/Nudarelower
than f/~ fora givenvalueof X/D becauseofthemomentum@essure
lossforvelocityprofiledevelopmentincludedinthefrictionfactor
f;thereisno counterpartforthismomentumpressurelossinheat
transfer.

It shouldbementionedthattheprecedingconclusimsmayapply
onlyto thecaaeanalyzed,thatis,tothecasewheretheboundarylayer
isturbulentthroughoutthetube. Theturbulentboundarylayermightbe
prducedby a bellmouthwitha stripofsandpaperattheentranceor
by screens.Forflowinwhichtheboundarylayerispartiallylamhar,
orforwhichtherearelargedisturbancesat theentrance,suchasmight
be causedby a right-angle-edgeentrance,theconclusionsmightbe
altered.

SUMMARYOFREsuLm

Thefollcmlngresultswereobtainedfromtheanalyticalinvestiga-
tionoftheentranceregionforturbulentheattransferandflowin
smoothtubesandbetweenparallelflatplates:

1.Thethh therm@boundarylayersandconsequentlyseveretem-
peraturegradientsatthewallneartheentranceproduoedhighheat
transferneartheentrance.Approximatelyfullydevelopedheattransfer
was,ingeneral,attainedinan entrancelengthlessthan10diameters.

2.l’!heeffectofvariablepropertiesonthelocalNusseltnumber
correlationforgaseswithfullydevelopedvelocityprofileswasto
decreasetheI?usseltnumberwithccmductititybasedontheinlettem-
peratureforheatadditiontothegasandto increaseitforheat
etiractionRromthegasata givenratioofdistsncefromtheentrance
totubediameterX/’DandinletReynoldsnumber.Yorlargevalueeof
X~, theNusseltnumberwithconductivitybasedontheinlettemperatwxe
increasedcontinuouslywith X/D forbothheatadditionto andetirac-
tionfromthegas. A heat-transfercoefficientwhichisindependentof
X/D isthereforenotobtainedforheat”transferwithvariableproperties,
evenh thefullydevelopedregim.

3.Thereferencetemperatureusedforevaluatingtheproperties
inorderto elhinatetheeffectofheatfluxonthecurvesforlocal
NusseltnumberagahstReynoldsnumberatvariousvaluesof X/D varied
O~y slightlywith X/D. ThereferencetemperatureforaverageNusselt
numbers,however,increasedcontinuouslywith X@ forheataddition
tothegasandwashigherthantheaveragewalltemperaturebutlower
thantheexitwalltemperatureatverylargevaluesof X/D.

.



NACATN3016

.
‘4.Thevariationof

forminitialtemperature
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Nusseltnumberwith X/D fora gaswithuni-
andvelocitydistributionsandunifo~peatflux

agreedwiththeexperimentallydetermfiedrelaticn,lVuaC(X/D)‘u”1,for
valuesof X~ between6 and60.

5.ThepredictedvariationofNusseltnumberwith X/D forair
witha uniformwalltemperatureanduniforminitialvelocityandtem-
peraturedistributionsagreedverywellwiththeexpertientalvalues
fromreference12.

6.ThevariationofI’lusseltnumberwithGraetznumberforliquid
metals(Prandtlnumberof0.01)wasrepresentedapproximatelyby a single
lineforPecletnumbersbelow1000.

7.Theratiooffrictionfactorbasedonthestatic-pressure
gradientintheentranceregiontothefullydevelopedvaluewasgreater
thanthecorrespondingratioofNusseltnumbersforgasesintheentrance
regionbecauseofthemomentumpressure1?ssassociatedwiththevelocity
profiledevelopment.

8.EssentiallythesamevariationsofNusseltnumberandfriction
factortith X~ wereobtainedforflowbetweenparallelflatplates
aswereobtainedfora tubewhentheequivalentdiameterequaltotwice
theplatespacingwasusedfortheplates.

LswisJ?lightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,July21,1953

. ——. —



30 MACATN3016

A

CP

CPO

D

d

g

h..

%

J

k

kb

ki

%

%

AI?PENDIXA

SYMBOLS

Thefollcndngsymbolsareusedh thisreport:

axea,Sqft

specificheatoffluidat conetantpressure,Btu/(lb)(%)

specificheatoffluidat constantpressureatwall,
Btu/(lb)(w)

insidediameteroftube,ft

exponent;valuedependsonvariationofviscosityoffluid
withtemperature

accelerationdueto

localheat-transfer

gravity,32.2ft/sec2 ‘
●

coefficient,qo/tO- ~, Btu/(sec)(sqf%)(OF)
+.

avera~heat-transfercoefficient,~,av/(tO-~)av

mechanicalequivalentofheat,778ft-lb/Btu

thermalconductivityoffluid,Btu/(see)(sqft)(%/ft)

thermalconductivityoffluidevaluatedat ~,
Btu/(see)(sqf%)(%l?/ft)

thermalconductivityoffluidevaluatedat ti,
Btu/(see)(sqf%)(%/f%)

themalconductivityoffluidevaluatedat %)
Btu/(see)(sqft)(OF/ft).

thermalconductivityoffluidevaluatedat t=,
Btu/(sec)(sqft)(%l?/fi)

%,av thermalconductivityoffluidevaluatedat tx,av,
Btu/(see)(sqft)(%/ft) .

(.

—. — — —
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M

n

P

Pi

!l

~o

% av

r

r.

T

Tc

Tb

t

%

%,av

t~

t=

tx,av

t~

Machnumber

constsmt

attubecenterat X/!O

staticpressure

staticpressureat inlet,lb/sqft abs

rateofheattransfertowardtubecenterperunitarea,
Btu/(sec)(sqf%)

rateofheattransferat insidewalltowardtubecenterper
unitarea,Btu/(sec)(sqft)

averagerateofheattransferat insidewalltowardtube
centerperunitareafora given X@, Btu/(sec)(sqft)

radius,distancefromtubecenter,f%

insidetuberadiusorone-halfdistancebetweenplates,ft

absolutetotaltemperature,OR

absolutetotaltemperatureattubecenter,%

totaltemperatureoutsidethermalbound~ylayer,%

absolutestatictemperature,%

bulkstatictemperatureoffluidat crosssectionoftube,%

averagebulktemperature,%

inletstatictemperatureoffluid,%

referencetemperatureforlocalNusseltandReynoldsnumbers,
X(to- ~) + ~, %

referencetemperatureforaverageNusseltandReynoldsnumbers,
x(to,av-~,av) + %,av

temperatureoffluidoutsidethermalboundarylayer

-—————~ —.—— —— ——. –—
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to absolutewalltemperature,%

to,~~ averagewalltemperature,OR

(tO-@)avaveragedifferencebetweenwallandbulktemperature,‘R

NACATN3016

the-averagevelocityparalleltoaxisof channel,ft/sec

bulkvelocityat crosssectionoftube,f%/sec

velocity

veloctty

velocity

distance

offluidat inlet,ft/sec

outsideflowboundarylayer,ft/sec

vector,ft/sec

fromentrance,ft

numberusedh evaluatingarbitrarytemperatureintube,
t= or tx av9

distancefromwall.,ft

flow-boundary-layerthiclmess,ft

thermal-boundary-layerthickness,ft

coefficientofeddydiffusivity,aqft/sec ,

absoluteviscosityoffluid,(lb)(sec)/sqf%

absoluteviscosityoffluidevaluatedat ~, (lb)(sec)/sqft

absoluteviscosityoffluidevaluatedat ti, (lb)(sec)/sqft

absoluteviscosityoffluidevaluatedat tx, (lb)(sec)/sqf%

absoluteviscosityoffluidevaluatedat txav,
(lb)(see)/sqf%

J

absoluteviscosityoffluidevaluatedat to,(lb)(sec)/sqft

massdensityoffluid,(lb)(sec2)/ft4

*

.,
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%

%,av

Pi

P=

‘x,av

Po

T

‘co

massdensityof

massdensityof

massdensityof

massdensityof

-SS densityOf

massdensityof

shearstressin

shearstressin

Dhnensionlessgroups:

f frictionfactor

f av frictionfactor

f~ fullydeveloped

f% frictionfactor

fluidevaluatedat ~, (lb)(sec2)/ft4

fluidevaluatedat ~,av, (lb)(sec2)/fi4

fluidevaluatedat ti,(lb)(sec2)/ft4

fluidevaluatedat tx,(lb)(sec2)/ft4

fluidevaluatedat txav,(lb)(sec2)/ft49

fluidevaluatedat to, (lb)(sec2)/ft4

fluid,lb/Sqft

fluidat

basedon

basedon

friction

basedon

wall,11)/sqft

static-pressure

static-pressure

factor

shearstressat

D dp/dxgradient,-
2pub2

D(Pi- P)
drop,

2xpub2

.Gz @aetznumber,RePr/(X~)

Nu Nusseltnunber,h D/k

Nuav averageNusseltnumberforconstantpropertiesdefinedby
eq.(25)

NUb Nusseltnumberwiththermalconductivityevaluatedat ~,
h D/kb

N% fullydevelopedNusseltnumber

Nui Nusseltnumberwithconductivityevaluatedat ti

-—.. . .. .————-. —-— -z ________ —
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‘Ui,av

N%

‘%,av

Nuo

P’

I?e

Pr

pro

Qi‘

Re

R%

Rei

Rex

RexavY

ReO

rO+

averageNusseltnumber
tivityevaluatedat

NACATN3016

defined.by eq.(25)withconduc-
tf

Nusseltnumberwithconduotivity evaluatedat t=

averageNusseltnumberwithconduotivi.tyevaluatedat tx,av

Nusseltnumbertiththermalconduotivity evaluatedat to

pressure-dropparameter,(Pi- P)PD2/V2

Pecletnumber,RePr

Prandtlnumber,cpg P/k

Rrandtlnumberwithpropertiesevaluatedat to

heat-transferparameter,~/ (cpg Piui*i)

Reynoldsnumber,P ubD/p

Reynoldsnumber
‘b% ‘/~

Reynoldsnumber
Pi~D
vi

Reynoldsnumber
p~b D/~

Reynoldsnunber

with

with

with

with

Reynoldsnumber@th
poubD/VO

densityandviscosityevaluatedat ~,

densityandviscosityevaluatedat ti,

densityaudviscosityevaluatedat t=,.

densityandtiscosity evaluatedat tx,av,

densityandviscosityevaluatedat to,

J77%tuberadiusperameter,‘~ ‘o

_——.——
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.

T+

T5+

t+

Ub+

+
Uc

~+

()gDhe

Y+

total-temperature
(to- T)c g%.

p-eter,
~~o

1- T/t.
=— P

(to - t)c g~o 1- it/to

temperatureparameter, =—

%-
B

()%?mlk-temperaturepwsmeter,* 1 - ~
o

velocityparameter,—
&

lulk-velocityparameter,—
&

valueof u+ attubecenter

thermalentrancelengthdividedby diameter

-dvo
walldistanceparameter,

-y

compressibilityorfri~i~al heatingpmeter~ ~0/(2gJcptopo)

heat-transfer

dimensionless

dimensionless

parameter,Q~*/($ g~o to)

flow-boundary-layerthiclmess,*-B

thermal-boundary-layerthiclnessjm
~ 5h

An integralsignhavingopenbracketsfortheupperlimit ‘zJ
indicatesthatthevariableof integrationshouldbe usedasth~
upperlimit.

.- ——.—— .-—— ——— .——. ——
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AEPENDIXB

ANKLZSISIKCH3DlI?GEFI?ECTOFVARIATION

ACROSSBOUNDARYIAYERFORSMKLL

CmwTANTFImD PROPERTIES

As wasmentionedh thesectionEffectofvariationofheattransfe
acrossboundarylayeronNusseltnumberforsmallbh+ andconstant
fluidpropetiies,theeffectof=iat ionof q/~ acrosstheboundary
Wyer forsmallbh+ shouldbe checked.Forlaminarflowovera flat
platethetemperaturedistributicminthethemalboundarylayercanbe
closelyapproximatedby a cubicparabola.Fora cubicparabola,
q/~ .1- ~/bh2 as shownh thefollowing:

Forlaminarflow,

~=- k dt~dy= %(1 - 9/$2) (cl)

~te~ationofequation(Cl)gives

Evaluationofequation(C2) attheedgeofthe

Combhationofequations(C2) and(C3)results

(C2)

boundarylayergives

(C3)

in

(C4)

whichisthesameastheequationonpage89 h reference7. me
assumptionthat q/~ = 1 - #/5h2 thereforeleadstoa cubicparabola

forthetemperaturedistributimforlaminarflow.Thesameassumption
iSusedhereinforturbulentflOWfor-U bh+. me eqUati~for
turbulentheattransfercanbe written
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q=-(k+~g P&)dt/dy

Withtheassumptionfor q/c@ and & . n2uy for
(ref.6),equation(C5)becomes,3ndtiensionless

37

(C5)

flowclosetothewall
fOrm,

(C6)

where t+’ representsthetemperaturedistributionwith
q/~= 1-y+2/bh@ asdistinguishedfrom t+,whichisthedtimsiotiess
temperature
integration

pmameterfor q/~ = 1. Sepnationofvariablesand
ofequation(C6)resultin

JY+
dy+

l’”

Y+ $d+
t+’= 1-—

2++ (C7)
*+nuy 5+2 1

0 ho= + n2u+y+

Theftisttermontherightsideofequation(C7)is t+ forconstant
properties(ref.6),sothat

t+’ st+ 1 J’”P 2dy+
%$ 1 + nzu+y+

o EF

Thevaluesof t+ areobtained~om figure1. Forobtainingthe
Nusseltnumbersthevaluesof t+ fromequation(C8)areusedh
equations(12)and(4)inplaceof t+.

(C8)

--- .-—.— — .Z — — ..— — .—
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AJ?PmD c

clwcmNrIm OFNUSSELTNUMBEES,REYNOLDSN-o-mms, ANDTEMPImAToRE

DISTRDUTIONSFORFLOWBEYONDENTRANCEREGION

ForpointsbeyondtheentranceregiontherelationbetweenNusselt
numberandReynoldsnumberwiththeproperties,includingdensity,
evaluatedatthereferencetemperaturet=s x(to- ~) + ~, where
x = 0.4 forheatadditionand0.6forheatextractionfromthegas,
canbe obtainedfromthecurveforfullydevelopedflowh figure7.
l!%omequations(18)to (21)andthedefinitionof t= Itcanbe shown
that

Rex= Rei:’f’wr (Bl)

,
and

NUf=l?%(:)[x(+)+]d(B2)
where d = 0.68 forairandmostother@ses. Thevalueof Nui for
a givenvalueof Rei canbe obtatiedfromequations(Bl)and (B2)
providedthevaluesof t-#i and to/~ arelmown.Theqwtities
t#ti and to/~ canbewrittenb termsofthequantitiesplottedin
figure10as

:=@+htl+1=4~+
(seeeq.(23))and

to %l[(%?’)+]+l
tb-%,[(~)~+l

(B3)

“(B4)

h theprocedureforobtainingthevalueof to/~, thequantityin
bracketsinthenumeratorisfirstdeterminedby extrapolatetiga known

.

.
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curveforthatquantityplottedagainstX/D. Thevalue
thenbe obtainedfromequaticm(32).Withthatvalueof

39

of Nui can
Nui a newand

moreaccuratevalueof [(to-ti)/td* canbe calculatedfromequa-

tion(24).Thecalculationof Nui canthenbe repeatedusingthenew
valueof

[(to-timi] +

AverageNusseltnumberswiththeconductivityevaluatedatthe
inlettemperatureIVui,av canbe calculatedfromequation(25),where
thevaluesof Nui arecalculatedas outlinedpreviously.It is
deeirableto calculateaverageNusseltnumbersandReyaoldsnumberswith
propetiiesevaluatedattheaveragebulkortheaveragewalltempemture
forgivenvaluesof X/D. Theaveragebulktemperaturerisefora given
X/D isone-haLPthetemperatureriseat X/D,sincethespecificheat
isassumedconstant.Therefore,

or

(B5)

Eromthedeftiitionsof ~v, Nui,av,Ret,and Rr,itcanbe shownthat

‘O,av= %,av + qi’‘eim
ti ti ‘Ui,av

(B6)

AverageNusseltnumbersandReynoldsnumberswithpropertiesevaluated
at %,av~‘O,av~oranyarbitrarytemperature

t x,avS x(to,av-tb,aV)‘%,av

canbe calculatedby useofequations(B5)and (36).

—.———._ . . . . .. . .. ———— ——
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